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1 Foreword
In this paper we shall be concerned with generalizing the ideas of ’metric’ and
geodesic for a complex manifold M : we emphasize that our curves will be
complex ones; a metric will be, informally speaking, a symmetric quadratic
form on the holomorphic tangent space at each point p ∈M , holomorphically
depending on the point itself; of course, it couldn’t have any ’signature’, but,
by simmetry, it induces a canonical Levi-Civita’s connexion on M , which in
turn allows us to define geodesics to be auto-parallel paths. We illustrate
some motivations (see [DNF] p.186 ff): consider the space F of antisymmetric
covariant tensors of rank two in Minkowski’s space R1,3: electromagnetic fields
are such ones. Let F ∈ F : we can write F = ∑i<j Fijdxi ∧ dxj where x0...x3
are the natural coordinate functions on R1,3. At each point, the space Fp of all
tensors in F evaluated at p is a six- dimensional real vector space; moreover, the
adjoint operator ∗ with respect to Minkowski’s metric is such that ∗∗ = −1: all
these facts imply that Fp could be thought of as a complex three dimensional
vector space Gp by setting (a+ib)F = aF+b∗F . Now ∗ is SO(1, 3)−invariant,
hence SO(1, 3) is a group of (complex) linear transformations of Gp, preserving
the quadratic form 〈F, F 〉 = − ∗ (F ∧ (∗F ) + iF ∧ F ): this means that this
’norm’ is invariant by Lorentz transformations, hence it is of relevant physical
interest. If we introduce the following coordinate functions on Gp: z1 = F01 −
iF23, z
2 = F02 + iF13 and z
1 = F03 − iF12, we have that 〈F, F 〉 = (z1)2 +
(z2)2 + (z3)2, hence there naturally arises the so called complex-Euclidean
metric on C3: on one hand, by changing coordinates we are brought to a
generic symmetric bilinear form on C3; on the other one there arise ’poles’ if
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we attempt to extend the above construction e.g. to (P1)3. Now the idea of
generalizing to the curved framework is quite natural: the reader is referred
to section 3. Our main concern will be warped products of Riemann surfaces:
let Ui ≃ D or Ui ≃ C, with coordinate function ui and metric b1(u1) du1⊙ du1
or fi(u
i) dui ⊙ dui if i ≥ 2; both b1 and the fi’s are nonzero meromorphic
functions. A warped product of the {Ui}’s will be a meromorphic Riemannian
manifold (see definition 3.1)(
N∏
i=1
Ui, b1(u1) dui ⊙ dui +
N∑
i=2
ai(u
1)fi(u
i) dui ⊙ dui
)
,
where the ak’s (k ≥ 2) are nonzero meromorphic functions (called warping
functions) defined on U1. This construction can be naturally generalized to
the case when the {Ui}’s are more general Rieman surfaces. We report that
many of the known exact solutions of Einstein’s field equations can be related,
by means of ’complexifications’, to such manifolds.
We introduce the concept of coercivity of a warped product: informally speak-
ing, it will amount to the fact that primitives of ’square roots’ of some rational
functions of the coefficients involved in the metric can be analitically continued
until they take all complex values but at most a finite number of ones.
Geodesics will show various types of ’singularities’: we record, among the other
ones, ’logarithmic’ singularities: they will be, more or less, points resembling 0
in connection with z 7→ log z; rather more formally, a ’logarithmic singularity’
ℓ will be a point in a two dimensional real topological manifold, admitting
a neighbourhooud U such that U \ {ℓ} is a Riemann surface, but there is
no complex structure ’at’ ℓ: this type of singularities arises from the fact
that geodesic equations admit first integrals whose solutions have poles with
nonzero residues.
We introduce the notion of completeness: a path will be essentially a holomor-
phic function F :S → M , where S is a Riemann surface over a region of P1,
admitting a projection mapping π:S → P1: it will be complete provided that
P
1 \ π(S) is a finite set: we are now able to attemtp to give a hazy idea of our
main result. Theorem: a warped product of Riemann surfaces is complete (i.e.
’almost every’ geodesic is complete) if and only if it is coercive.
The last statement resumes the meaning of theorems 4.4, 4.10 and 4.11, whilst
definition of completeness is in 3.10 and of coercivity in 4.2. We end this section
with some references: the problem of geodesic singularities arises from semi-
Riemannian geometry: see e.g. [BEH]; a different approach to holomorphic
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geometry could be found in [MAN]. Finally, we owe [LEB] for the definition
of a nondegenerate holomorphic metric, of a connexion (see p. 11 ff) and of a
complex geodesic (see p.12 ff).
2 Analytical continuation
The idea of analytical continuation of a holomorphic mapping element f :
U →M ( U is a region in the complex plane, M , throughout this paper will
be a complex manifold) is well known and amounts to a quintuple QM =
(S, π, j, F,M), where S is a connected Riemann surface over a region of P1,
π : S −→ C is a nonconstant holomorphic mapping such that U ⊂ π(S),
j : U −→ S is a holomorphic immersion such that π◦j = id|U and F : S −→M
is a holomorphic mapping such that F ◦ j = f . Each finite branch point is
kept into account by the fact of lying ’under’ some critical point of π; it is a
well known (see e.g. [CAS], chap. 6) result that there exists a unique maximal
analytical continuation, called the Riemann surface, of (U , f). In the following
we shall abbreviate ’holomorphic function element’ by ’HFE’ and ’holomorphic
function germ’ by ’HFG’. For further purposes, we shall consider also ’poles’
and ’logarithmic singularities’: our definitions will axiomatize the behaviour
of continuations of complex-valued holomorphic elements.
Definition 2.1 A pole of QM is a decreasing sequence of open sets{Vk}k≥K ⊂ S such that there exist a positive integer n and a point z0 ∈
P
1, such that • (P1) for every k ≥ K Vk is a connected component of
π−1(D(z0, 1k) \ {z0}), • (P2) for every k ≥ K π|Vk : Vk −→ (D(z0, 1k) \ {z0})
is a n-sheeted covering and • (P3) ⋂k≥K Vk = ∅ •(P4) there exist: an open
set Ω ⊂ M ; complex submanifolds N ⊂ Ω and P ⊂ Ω (dim(P ) ≥ 1);
such that Ω and N × P are biholomorphic; for every k, F (Vk \ {p}) ⊂ Ω;
pr1◦F : Vk −→N has a removable singularity at p and ⋂k≥K pr2 ◦ F (Vk) = ∅;
a logarithmic singularity (in the following: L-singularity) q of QM is a se-
quence of decreasing open sets {Vk}K≥K of S such that there hold (P1),
(P3) and • (LS2) for every k ≥ K and every (real) nonconstant closed path
γ : [0, 1] −→ D(z0, 1/k) \ {z0}, with nonzero winding number around z0, every
lifted path β : [0, 1] −→ π−1(D(z0, 1/k) \ {z0}) with respect to the topological
covering π is not a closed path, i.e. β(0) 6= β(1); q is • (RMLS) a removable
L-singularity for if there exists η ∈ M such that ⋂k F (Vk) = {η}; • (PLS) a
polar L-singularity for F̂ if there exist: an open set Ω ⊂ M ; complex sub-
manifolds N ⊂ Ω and P ⊂ Ω (dim(P ) ≥ 1 ) such that Ω and N × P are
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biholomorphic; for every k, F (Vk \ {p}) ⊂ Ω; pr1 ◦ F : Vk −→ N has a
removable singularity at p;
⋂
k=≥K pr2 ◦ F (Vk) = ∅;
It is easily seen that {L-singularities} ⋂ {poles } = ∅ and that S˜: = S∪ {poles
of QM } has a canonical structure of a Riemann surface and π admits a
holomorphic extension π˜ to S˜, hence an extended analytical continuation of
(U, f) is a quintuple Q˜M = (S˜, π˜, j˜, F,M), where S˜ and π˜ are as above and
j˜ = idS→S˜ ◦ j; of course there exists a unique maximal extended continuation
of (U , f), build up as above, starting from its unique maximal continuation.
Consider now the set B of the L-singularities of QM : set S
♯ = S
⋃
B as a
set and introduce a topology on S♯: open sets are the open sets in S and a
fundamental neighbourhood system of the L-singularity q = {Vk}k≥K ∈ B is
yielded by the sets V ♯k = Vk
⋃{q}.
Lemma 2.2 S♯ admits no complex structure at q = {Vk}k≥K .
Proof: were there one, we could find charts (W, φ) around q and (V, ψ) around
z0 such that ψ ◦ π ◦ φ−1(ζ) = ζN for some integer N > 0. This fact would
imply π|W\{q} to be a n-sheeted covering of V \ {z0}; it is easily seen tha this
fact would contradict (LS2) in definition 2.1.
Lemma 2.3 (A): π admits a unique continuous extension π♯ to S♯; (B): for
every removable logarithmic singularity r of QM , F admits a unique contin-
uous extension F ♯ to r.
Proof: (A): let b ∈ B and {Vk} be the sequence spotting b: define π♯(q) = π(q)
if q ∈ Vk and π♯(b) = z0, where z0 is the common centre of the discs onto which
the V ′ks are projected. Now π
♯ is continuous at all points in Vk; moreover, for
every neighbourhood G of z0, π
♯ −1(G) ⊃ π♯ −1(z0)⋃π−1(G \ {z0}), hence, if
we set H = {b}⋃ π−1(G \ {z0}), we have that H is a neighbourhood of b in S♯
such that π♯(H) ⊂ G, proving continuity at b. Arguing by density, we conclude
that this extension is unique; the proof of (B) is analogous.
Definition 2.4 A quintuple Q♮
M
= (S♮, π♮, j♮, F ♮,M), is an analytical con-
tinuation with L-singularities of the function element (U, f) if there ex-
ists an analytical continuation QM of (U, f) such that S
♮ \ S consists
of L-singularities of F , π♮ is the unique continuous extension of π to S♮,
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j♮ = idS−→S♮ ◦ j and F admits a unique continuous extension F ♮ to S♮ \
{polar logarithmic singularities of F}. Q♮
M
is: maximal provided that so is
QM and Q
♮
M
\ QM contains all L-singularities of QM ; extended provided
that so is QM .
Lemma 2.5 1): let f and g be two holomorphic germs each one inverse
of the other; let (R, π, j, F,C) and (S, ρ, ℓ, G,C) be their respective Riemann
surfaces: then F (R) = ρ(S); 2): let f , g, h be three HFG’s such that f ◦
g = h. Let (R, π, j, F,C) be the Riemann surface of f , (S, ρ, ℓ, G,C) the one
of g and (T, σ,m,H,C) the Riemann surface with L-singularities of h: then
F (R) \ (P1 \ (σ(T ))) ⊂ ρ(S).
Proof: we shall prove only 1); 2) is analogous. a) F (R) ⊂ ρ(S): let ξ ∈ R and
F (ξ) = η; there exist: an open neighbourhood U1 of ξ; open subsets U2 ⊂ π(U1)
and V2 ⊂ F (U1) and a biholomorphic function g2 : V2 −→ U2, with inverse
function f2 : U2 −→ V2 such that: (U2, f2) and (U , f) are connectible and so
are (V2, g2) and (V, g). By construction there hence exist two holomorphic
immersions j˜ : U2 −→ R and ℓ˜ : V2 −→ S such that π ◦ j˜ = id and ρ ◦ ℓ˜ = id.
Let V1 = F (U)1 and Σ = {(x, y) ∈ U1 × V2 : F (x) = y}; moreover let
J : V2 −→ Σ be defined by setting J(v) = (j˜◦g2(v), v). Then (Σ, pr2, J, π◦pr1)
is an analytical continuation of (V2, g2); indeed π ◦ pr1 ◦ J = π ◦ j˜ ◦ g2 = g2.
But (V∈, g2) is connectible with (V, g), hence (Σ, pr2, J, π ◦pr1) is an analytical
continuation of (V, g). There eventually exists a holomorphic function h :
Σ −→ S such that ρ ◦ h = pr2: hence η = pr2(ξ, η) = ρ ◦ h(ξ, η) ∈ ρ(S). b)
ρ(S) ⊂ F (R): let s ∈ S: there is a neighbourhood V of s in S such that V \{s}
consists entirely of regular points both of ρ and G, not excluding that s itself
be regular for ρ or G or both. This fact means that for each s′ ∈ V \ {s} there
exists a HFE (ρ(s′),V ′, g˜s′) connectible with (V, g) and, besides, a holomorphic
immersion ℓ˜ : V ′ −→ V . By a) already proved, G(s) ∈ π(R), hence there exist
p ∈ R such that π(p) = G(s) and a neighbourhood W of p in R such that
π−1(g˜(V ′))⋂W 6= ∅. Set W ′ = π−1(g˜(V ′))⋂W : we may suppose, without
loss of generality, that π is invertible on W ′: hence there exists a (open)
holomorphic immersion j˜ : g˜(V ′) −→ W . Therefore, for each ζ ∈ j˜(g˜(V ′)),
there exists η ∈ ℓ˜(V ′) such that F (ζ) = F (j˜ ◦ g˜ ◦ ρ(η)). Now, by definition of
analytical continuation there holds F ◦ j˜ ◦ g˜ = id, hence we have F (ζ) = ρ(η).
Consider now the holomorphic function Ξ : W × V −→ C defined by setting
Ξ(w, v) = F (w)− ρ(v): we have (Ξ|˜
j(g˜(V ′))×ℓ˜(V ′) ≡ 0, but j˜(g˜(V ′))× ℓ˜(V ′) is an
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open set in W ×V , hence Ξ ≡ 0 on W ×V , which in turn implies F (p) = ρ(s).
Therefore we have proved that for each s ∈ S there exists p ∈ R such that
F (p) = ρ(s): this eventually implies that ρ(S) ⊂ F (R).
3 Complex-Riemannian metric structures
Definition 3.1 Let E be a closed hypersurface in M : an E-meromorphic
section of T sr N is a holomorphic section Λ of T sr (M \ E) such that for every
p ∈ E and every chart (U , (z1...zn)) around p, there exists a neighbourhood
U of p and r · s pairs of C−valued holomorphic functions φi1...ir , ψl1...ls, with
ψl1...ls 6= 0 on U \ E , such that Λ
(
dzl1 ...dzls , ∂
∂zi1
... ∂
∂zir
)
=
φi1...ir
ψl1...ls
. A complex
metric on M is a symmetric section of T 20 M . It will be called holomorphic
or E-meromorphic provided that so is as a section; Λ is nondegenerate at p
if rk(Λ(p)) = dim(M ), degenerate otherwise; if D is a closed hypersurface
in M and Λ is degenerate only on D, we shall say that Λ is D-degenerate.
We say that p is a metrically ordinary point in M if Λ is holomorphic and
nondegenerate at p. A holomorphic (resp. nondegenerate holomorphic, resp.
meromorphic) Riemannian manifold is a complex manifold endowed with a
holomorphic (resp. nondegenerate holomorphic, resp. meromorphic) metric.
We now turn to introducing the holomorphic Levi-Civita connexion induced
by a meromorphic, possibly degenerating metric. First we need to introduce
the holomorphic Levi Civita connexion induced by a holomorphic nondegen-
erate metric: this is done in a quite natural way. Things are different if we
allow metrics to be meromorphic behaviour or to lower in their ranks. These
metric ’singularities’ will be generally supposed to lie in closed hypersurfaces;
Levi Civita connexions may still be defined, but, as one could expect, they
will turn out to be themselves ’meromorphic’. Let now (N ,Λ) be a mero-
morphic Riemannian manifold admitting closed hypersurfaces D and E such
that Λ|N\E is holomorphic and Λ|(N \E)\D is nondegenerate. Since N \ E
is connected, we have that (N \ E) \ D,Λ|
(N\E)\D is a nondegenerate holo-
morphic Riemannian manifold admitting, as such, a canonical holomorphic
Levi-Civita connexion D. Now, if p ∈ D⋃ E and V,W are holomorphic vec-
tor fields in a neighbourhood V of p we can define the vector field DVW
on V \ (D⋃ E), and this will be a D⋃ E−meromorphic vector field. The
Christoffel symbols of a coordinate system Z = (z1 · · · zm) on an open set
U ⊂N are those complex valued functions, defined on U \ (D⋃ E) by setting
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Γkij = dz
k(D ∂
∂zi
( ∂
∂zj
)). Now the representative matrix (gij) of Λ with respect to
the coordinate system Z is holomorphic in U , with nonvanishing determinant
function on U \ (D⋃ E); as such it admits a inverse matrix gij, whose coeffi-
cients hence result in being D⋃ E-meromorphic functions. It is easy to prove
that D ∂
∂zi
(
∑m
j=1W
j ∂
∂zj
) =
∑m
k=1(
∂W k
∂zi
+
∑m
j=1 Γ
k
ijW
j) ∂
∂zk
as meromorphic vec-
tor fields and 2Γkij =
∑N
m=1 g
km(−gij,m + gim,j + gjm,i) = 2Γkij as meromorphic
functions; then:
Proposition 3.2 For every pair V,W of holomorphic vector field on the
open set U (belonging to a maximal atlas) in the meromorphic Rieman-
nian manifold (N ,Λ), DVW is a well defined vector field, holomorphic on
U ⋂{n ∈N : Λ is holomorphic and nondegenerate at n} and may be extended
to a meromorphic vector field on U .
Proof: there exist holomorphic functions {V i}, {W j} and a coordinate system
Z = (z1.....zN ) on U such that V = ∑Ni=1 V i ∂∂zi andW = ∑Nj=1W i ∂∂zj . The fact
that DVW =
∑N
i=1 V
iD ∂
∂zi
(
∑N
j=1W
j ∂
∂zi
) =
∑N
k=1(
∑N
i,j=1 V
i(∂W
k
∂zi
+ ΓkijW
j)) ∂
∂zk
ends the proof.
Definition 3.3 Given a D-degenerate and E-meromorphic Riemannian man-
ifold (N ,Λ), with D and E closed hypersurfaces in N , the Levi-Civita metric
connexion (or meromorphic metric connexion) ofN is the collection consisting
of all metric connexions {D [Ui \ (D⋃ E)]}i∈I as U}i runs over any maximal
atlas B = ({U}i)i∈I on N .
3.1 Meromorphic parallel translation and geodesics
We now slightly reformulate the notion of path to cope with the complex
environment: a path in M is a quintuple QM = (S
⋃
, π, j, F,M), where
S is a connected Riemann surface, π ∈ H (S, P1), F ∈ H (S,M) and j is a
holomorphic immersion j:U −→ S \ Σ such that π ◦ j = id|U , where U is a
region in the complex plane; a path is z0−starting at m provided that z0 ∈ U
and F ◦ j(z0) = m.
In the continuation, we shall call TM (resp.T ∗M ) M ’s holomorphic tan-
gent (resp. cotangent) bundle and, more generally, T sr M its holomorphic
r−covariant and s−contravariant tensor bundle; as usual, Π: T sr M −→ M
will denote their natural projections. We now define the velocity field of a
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path QM as a suitable meromorphic section over F of the holomorphic tan-
gent bundle TM : to achieve this purpose, we need to lift the vector field
d/dz on C with respect to π; of course, in general, contravariant tensor fields
couldn’t be lifted, but we may get through this obstruction by keeping into
account that C and S are one-dimensional and allowing the lifted vector field
to be meromorphic. We call P the set of branch points of π.
Lemma 3.4 there exists a unique P -meromorphic vector field d˜/dz on S such
that, for every r ∈ S \ P , π∗|r(d˜/dz|r) = (d/dz)|π(r).
Proof: consider ω = π∗dz and Λ = π∗(dz ⊙ dz) on S: the latter establishes
an isomorphism between the holomorphic cotangent and tangent bundles of
S \ P . Call V the holomorphic vector field corresponding to ω in the above
isomorphism: we claim that V = d˜/dz on S \ P . To show this fact, we
explicitely compute the components of V with respect to a maximal atlas B =
{(Uν , ζν)} for S \P : let ω(ν) 1 = ω(∂/∂ζ(ν)), g(ν) 11 = Λ(∂/∂ζ(ν), ∂/∂ζ(ν)); then,
set V 1(ν) = ω(ν) 1/g(ν) 11 the collection
{
(Uν , V 1(ν))
}
of open sets and holomorphic
functions is such that, on overlapping local charts (Ua, ζa) and (Ub, ζb), we have
V 1(a) =
ω(a) 1
g(a) 11
=
ω(b) 1(dζ(b)/dζ(a))
g(b) 11(dζ(b)/dζ(a))2
= V 1(b)
dζ(a)
dζ(b)
,
that is to say that collection defines a holomorphic vector field. Now for every
r ∈ S \ P ,
dz|π(r)(π∗|rd˜/dz|r) = π∗dz|r(d˜/dz|r) = π
∗dz|r(∂/∂ζ |r)
dz|π(r)(π∗∂/∂ζ |r) = 1,
hence π∗|r(d˜/dz|r) = (d/dz)|π(r), proving the asserted.
Let’s prove that d˜/dz may be extended to a meromorphic vector field on S: if
p ∈ P then we can find local charts (U, ψ) around p, (V, φ) around π(p), and
an integer N > 0 such that φ ◦ π ◦ ψ−1(u) = uN . Now we have
(ψ−1 ∗π∗φ∗(dw)
d
du
)(u) = dw(φ∗π∗ψ−1∗
d
du
)|u) = dw((φπψ−1)′ d
dw
)) = NuN−1;
but φ and ψ are charts, hence π∗dz itself is vanishing of order N − 1 at p;
as already proved, π∗|r(d˜/dz|r) = (d/dz)|π(r) on U \ {p} and, consequently,
(π∗dz)(d˜/dz) = dz(π∗)˜ = dz(d/dz) = 1 on U \ {p}, hence on U . Now, in
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local coordinates, (π∗dz) = αdφ and d˜/dz = y ∂/∂φ, where α is a holomorphic
function on U , vanishing of order N − 1 at p and y is a holomorphic function
on U \ {p}. By the argument above, yα = 1, hence y has a pole of order
N − 1 at p: a similar argument holds for each isolated point in P , proving the
meromorphic behaviour of d˜/dz.
Lemma 3.5 The mapping r 7−→ (F, F∗|r( d˜dz |r)) may be extended to a P-
meromorphic section of TM over F .
Proof: let p ∈ P and U be a neighbourhood of p such that there exist a
local chart ζ : U −→ Cw and holomorphic functions f, g on ζ(U) such that
d˜
dz
|ζ−1(U) = ζ−1∗ (fg (w) ddw |w); for every local chart Ψ = (u1...m, du1...m) on TM ,
Ψ ◦ V ◦ ζ−1(w) = Ψ ◦ (F ◦ ζ−1(w), F∗|ζ−1(w)ζ−1∗ (
f
g
(w)
d
dw
|w))
= Ψ ◦ (F ◦ ζ−1(w), f
g
(w)
d
dw
(F ◦ ζ−1)(w))
=
(
u1...m ◦ Fζ−1(w), f
g
(w)
d
dw
(u1...m ◦ F ◦ ζ−1)(w)
)
Definition 3.6 The velocity field of a path QM = (S, π, j, F,M) is the
meromorphic mapping V (QM ):S\P −→ TM defined by r 7−→ (F, F∗|r( d˜dz |r))
We turn now to study vector fields on paths: an obvious example is the velocity
field, defined in definition 3.6: just as in semi-Riemannian geometry, there is a
natural way of defining the rate of change X ′ of a meromorphic vector field X
on a path. We study at first paths with values in a nondegenerate holomorphic
Riemannian manifold M : let QM = (S, π, j, γ,M) be a path in M ; P be
the set of branch points of π; r ∈ S \ P be such that d˜/dz is holomorphic
at r, V ⊂ S \ P be a neighbourhood of r such that γ(V) is contained in a
local chart inM ; H(V) be the ring of holomorphic functions on V and Xγ(V)
the Lie algebra of holomorphic vector fields over γ on V: it is well known
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that there exists a unique mapping ∇γ′ :Xγ(V) −→ Xγ(V), called induced
covariant derivative on QM such that ∇γ′(aZ1 + bZ2) = a∇γ′Z1 + b∇γ′Z2,
∇γ′(hZ) = ( d˜dzh)Z + h∇γ′Z, h ∈ H(V) and ∇γ′(V ◦ γ)(r) = Dγ∗|r( d˜dz |r),
where V is a holomorphic vector field in a neighbourhood of γ(r). Moreover,
d˜
dz
〈X, Y 〉 = 〈∇γ′X, Y 〉+〈X,∇γ′Y 〉 X, Y ∈ Xγ(V). Now let R = {Vk}k∈K be
a maximal atlas for S \ P ; we may assume that, for every k, maybe shrinking
Vk, γ(Vk) is contained in some local chart Ui in the already introduced atlas
A for M .
Now, if V1 and V2 are overlapping open sets in R, V1⋂V2 ∈ R too, and
∇γ′ [V1] |V1⋂V2 = ∇γ′ [V2] |V1⋂V2. Now let’s complete R to an atlas S for
S: keeping into account that the local coordinate expression of the induced
covariant derivative is ∇γ′Z = ∑mk=1( d˜dzZk +∑mi,j=1 Γkij d˜dz (ui ◦ γ)Zj) ∂∂uk , hence
pairs of holomorphic vector fields on γ are transormed into P -meromorphic
vector fields on γ.
Definition 3.7 The P -meromorphic induced covariant derivative, or the P -
meromorphic parallel translation on a path QM = (S, π, j, γ,M) with set of
branch points P and taking values in a nondegenerate Riemannian manifold
M is the collection consisting of the induced covariant derivatives ∇γ′ [Vk \ P ]
as Vk runs over a maximal atlas S = ({Vk})k∈K on S.
Let’s turn now to dealing with meromorphic parallel translations induced on
a path QN = (T, ̺, j, δ,N ), in a meromorphic Riemannian manifold (N ,Λ)
admitting closed hypersurfaces D and E such that Λ|N\E is holomorphic and
Λ|
(N \E)\D is nondegenerate. We set F = D
⋃ E and restrict our attention
to paths z0-starting at metrically ordinary points, supposing, without loss in
generality, that z0 = 0.
Lemma 3.8 Set M = N \ F , S = δ−1(M): then T \ S is discrete, hence S
is a connected Riemann surface.
Proof: suppose that there exists a subset V ⊂ T\S admitting an accumulation
point t ∈ V and consider a countable atlas for B = {Un}n∈N for N such that,
for every n, there exists Ψn ∈ O({Un}) such that Un ⋂F = {X ∈ Un : Ψn = 0}.
Set δ−1(Un) = Tn ⊂ T and suppose, without loss of generality, that δ(t) ∈ U0.
Now Ψ0 ◦ δ|V∩T0 = 0 and t ∈ V ∩ T0 is an accumulation point of V ∩ T0 ,
hence Ψ0 ◦ δ|T0 = 0 and δ(T0) ⊂ F . Suppose now that TN 6= ∅ for some
N : we claim that this implies δ(TN) ⊂ F : to prove the asserted, pick two
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points τ0 ∈ T0 and τn ∈ Tn and two neighbourhoods T ′0, T ′N of τ0 and τn in
T0 and Tn respectively, such that ̺|T ′
0
and ̺|T ′
N
are biholomorphic functions.
Now the function elements (̺(T ′0), δ ◦ (̺|T ′0)−1) and (̺(T ′N ), δ ◦ (̺|T ′N )−1) are
connectible, hence there exists a finite chain {Wν}ν=0...L such thatW0 = ̺(T ′0),
WL = ̺(T
′
N), Wν
⋂
Wν+1 6= 0 for every ν. Without loss of generality, we may
suppose that each Wν admits a holomorphic, hence open, immersion jν −→ T ,
hence, setting S0 = T0, Sλ = jλ(Wλ) for λ = 1...L, SL+1 = TN yields a finite
chain of open subsets {Sλ}λ=0...M of T connecting T0 and TN . Let’s prove, by
induction, that, for every λ, δ(Sλ) ⊂ F . • At first recall that δ(S0) ⊂ U0⋂F
as already proved; suppose now that δ(Sk−1) ⊂ F . We have Sk−1⋂Sk 6= ∅,
hence δ(Sk−1)
⋂
δ(Sk) 6= ∅. For every m set Σkm = δ(Sk−1)⋂ δ(Sk)⋂Um: if
Σkm 6= ∅, then Ψm ◦ δ|δ−1(Σkm)⋂Sk−1⋂Sk ≡ 0; but δ−1(Σkm)⋂Sk−1⋂Sk is
open in δ−1(δ(Sk)
⋂
Um)
⋂
Sk, thus Ψm ◦ δ|δ−1(δ(Sk)⋂Um)⋂Sk ≡ 0, that is to
say δ(Sk)
⋂
Um ⊂ F . • On the other hand, if Σkm = ∅, but δ(Sk)⋃Um 6= ∅
we claim that δ(Sk)
⋂
Um ⊂ F as well: proving this requires a further in-
duction: pick a UM such that ΣkM 6= ∅ and a finite chain of open sets
B′ = {U ′µ}µ=0...J ⊂ B (with U ′µ
⋂
δ(Sk) 6= ∅ for each µ) connecting UM
and Um. Since ΣkM 6= ∅, δ(Sk)⋂U ′0 = δ(Sk)⋂UM ⊂ F ; suppose by in-
duction that δ(Sk)
⋂
U ′l−1 ⊂ F : then Ψl ◦ δ|δ−1(δ(Sk)∩U ′l−1∩U ′l )∩Sk ≡ 0, hence
Ψl ◦ δ|δ−1(δ(Sk)∩U ′l )∩Sk ≡ 0, i.e. δ(Sk)
⋂
U ′l ⊂ F : this fact ends the induc-
tion and eventually implies δ(Sk)
⋂
Um = δ(Sk)
⋂
U ′J ⊂ F . Summing up,
δ(Sk) =
⋃
m(δ(Sk)
⋂
Um) ⊂ F , for each k; hence δ(TN) = δ(SM) ⊂ F and
eventually δ(T ) = δ(
⋃
N∈N TN ) ⊂ F , hence δ couldn’t start at a point in
N \ F .
In the following considerations, there will still hold all notations introduced in
preceding lemma: given a path QN = (T, ̺, j, δ,N ), set π = ̺|S, γ = δ|S and
note that, since QN is starting from a metrically ordinary point m, j may be
supposed to take values in fact in S; since the preceding lemma shows that
S is a connected Riemann surface, QM = (S, π, j, δ|SM) is in fact a path
in M , which we call the depolarization of QN . But M is a nondegenerate
holomorphic Riemannian manifold, hence if P is the set of branch points of
π, there is a P -meromorphic induced parallel translation on QM , built up as
in definition 3.7. Finally, we introduce a maximal atlas T for T and yield the
following:
Definition 3.9 Let (N ,Λ) be a E- meromorphic and D-degenerate Rie-
mannian manifold, M = N \ (D⋃ E), QN = (T, ̺, j, δ,N) a path: the
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(P
⋃
δ−1(D⋃ E))-meromorphic induced covariant derivative on QN is the col-
lection consisting of all induced covariant derivatives ∇γ′ [Vk ⋂S] as Vk runs
over a maximal atlas T = ({Vk})k∈K for T and QM = (S, π, j, δ|SM) is the
depolarization of QN . A meromorphic (in particular, holomorphic) vector
field Z on a path is parallel provided that ∇Z = 0 (as a meromorphic vector
field). A geodesic in a meromorphic (in particular, holomorphic) Riemannian
manifold is a path whose (meormorphic) velocity field is parallel.
The local equations
••
β k +
∑N
i,j=1 Γ
k
ij(β)
•
β i
•
β j = 0, k = 1.....N of elements of
geodesics (U, β) are a system of N second-order o.d.e.’s in the complex do-
main, with meromorphic coefficients, in turn equivalent to an autonomous
system of 2N first-order equations; as a consequence of general theory (see
e.g. [HIL], th. 2.2.2) for every metrically ordinary point p ∈M , every holo-
morphic tangent vector Vp ∈ TpM and every z0 ∈ C, there exists a unique
germ βz0 of geodesic such that βz0(z0) = p and βz0 ∗(d/dz)|z0 = Vp; moreover
any continuation of βz0 is a geodesic.
Definition 3.10 A meromorphic Riemannian manifold is complete provided
that the Riemann surface, with L-singularities, of each geodesic starting at a
metrically ordinary point is complete
4 Completeness theorems
In this section we shall be concerned with warped products of Rie-
mann surfaces, each one endowed with some meromorphic metric: in this
framework we shall prove a geodesic completeness criterion. Consider at
first, like in foreword, a warped product of unit discs or complex planes(∏N
i=1 Ui, b1(u1) dui ⊙ dui +
∑N
i=2 ai(u
1)fi(u
i) dui ⊙ dui
)
: in the following we
shall denote it by
U = U1 ×a2(u1) U2 ×a3(u1) U3 × ........×aN (u1) UN ,
and call it a direct manifold. We recall that b, the ak’s and the fk’s are nonzero
meromorphic functions, with b and the ak’s defined on U1. Each element of
geodesic of (U ,Λ) satisfies the following system of N o.d.e.’s in the complex
domain:
••
u 1(z) +
b′
1
(u1(z))
2b1(u1(z))
(
•
u 1(z))2 −∑Nl=2 a′l(u1(z))fl(ul(z))2b1(u1(z)) (•u l(z))2 = 0
••
u k(z) +
f ′
k
(uk(z))
2fk(uk(z))
(
•
u k(z))2 +
a′
k
(u1(z))
ak(u1(z))
(
•
u k(z))(
•
u 1(z)) = 0, k = 2...N,
(1)
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provided that it starts at a metrically ordinary point.
Lemma 4.1 The equations (1) admit the following first integrals:
(A) if u1 6= const
 (
•
u 1(z))2(b1(u
1(z))) = A1 −∑Nl=2 Alal(u1(z)) ♠
(
•
u k(z))2fk(u
k(z)) [ak(u
1(z))]
2
= Ak k = 2...N ♣.
(B) if u1 = const
{
u1(z) = A1 ♦
(
•
u k(z))2fk(u
k(z)) = Ak k = 2...N ♥,
(2)
where the Ak’s are suitable complex constants.
Proof: we prove only (A); (B) is analogous. Divide the k-th equation in (1)
by uk and integrate once: then
(
•
u k(z))2fk(u
k(z))
[
ak(u
1(z))
]2
= (
•
u k(z0))
2fk(u
k(z0))
[
ak(u
1(z0))
]2
: = Ak.
As to ♠ , by the first equation of (1) there holds 2b1(u1(z)) •u 1(z) ••u 1(z) +
b′1(u
1(z))(
•
u 1(z))3 − ∑Nl=2 a′l(u1(z))fl(ul(z))(•u l(z))2 •u 1(z) = 0; by ♣, already
proved, (
•
u l(z))2fl(u
l(z)) [al(u
1(z))]
2
= Al, hence
b1(u
1(z))
•
u 1(z)
••
u 1(z) + b′1(u
1(z))(
•
u 1(z))3 −
N∑
l=2
Al
a′l(u
1(z))
[al(u1(z))]
2
•
u 1(z) = 0;
integrating once, dividing by b1(u
1(z)) and setting A1 = K/b1(u
1(z0)) ends the
proof.
Definition 4.2 A direct manifold U with metric Λ(u1.....uN ) = b1(u1) dui ⊙
dui +
∑N
i=2 ai(u
i)fi(u
i) dui ⊙ dui, where b1, the ak’s and the fk’s are nonzero
meromorphic functions is coercive provided that, for every metrically ordinary
point X0 =
(
x10...x
N
0
)
and
• for every n-tuple (A1...AN ) ∈ CN such that b1(x10) 6= 0, A1 −
∑N
l=2
Al
al(x
1
0
)
6=
0 and, for each one of the two HFG’s ℵ1 and ℵ2, such that (ℵi)
2 =[
1
b1
(A1 −∑Nl=2 Alal )]0 i = 1, 2, the Riemann surface (S1, π1, j1,Φ1,U) of both
the HFG’s
[∫ u1
x0
d η
ℵi(η)
]
x1
0
i = 1, 2; is such that P1 \ Φ1(S1) is a finite set;
• for each k, 2 ≤ k ≤ N and for each one of the two HFG’s φk1 and φk2 such
that (φki)
2 = [fk]x1
0
, i = 1, 2, the Riemann surface (Sk, πk, jk,Φk,U) of both
the HFG’s
[∫ uk
x1
0
φki(η) dη
]
x1
0
i = 1, 2 is such that P1 \ Φk(Sk) is a finite set.
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Definition 4.2 may be checked for just one metrically ordinary point X0: this
is proved in lemma 4.3; moreover, we may assume,without loss of generality
X0 = 0: were not, we could carry it into 0 by applying an automorphism of
U , that is to say a direct product of automorphisms of the unit ball or of the
complex plane, according to the nature of each Ui. Then a simple pullback
procedure would yield back the initial situation: in the following we shall
understand this choice.
In the following lemma we shall use the ’square root’ symbol in the meaning
of definition 4.2: in other words, given a HFG, which is not vanishing at some
point, it should denote any one of the two HFG’s yielding it back when squared.
Lemma 4.3 For every metrically ordinary point (ξ1...ξN) of U and every n-
tuple (A1...AN) ∈ CN such that b1(x10) 6= 0, A1 −
∑N
l=2
Al
al(x
1
0
)
6= 0, b1(ξ1) 6=
0, A1−∑Nl=2 Alal(ξ1) 6= 0, set Ψ(η) = A1 −∑Nl=2 Alal(η) , the Riemann surfaces of the
HFG’s
[∫ u1
ξ1
√
b1(η)/Ψ(η) dη
]
ξ1
and
[∫ u1
0
√
b1(η)/Ψ(η)dη
]
0
are isomorphic:
moreover so are, for each k, those of
[∫ uk
ξk
√
fk(η) dη
]
ξk
and
[∫ uk
0
√
fk(η) dη
]
0
.
Theorem 4.4 A direct manifold U with metric Λ(u1.....uN) = b1(u1) du1 ⊙
du1 +
∑N
i=2 ai(u
1)fi(u
i) dui ⊙ dui is geodesically complete if and only if it is
coercive.
Proof: a) suppose that U is coercive and that U is an element of geodesic,
starting at a metrically ordinary point; moreover, let (
•
u 1(0)...
•
uN (0)) be the
initial velocity of U . Suppose at first that z 7→ u1(z) is a constant function
(hence
•
u 1(0) = 0 ): then, by lemma 4.1, the equations of U are{
u1(z) = A1
(
•
u k(z))2fk(u
k(z)) = Ak k = 2...N.
(3)
The Riemann surface of z 7→ u1(z) is trivially isomorphic to P1; if Ak = 0 so is
the one of z 7→ uk(z) is isomorphic to (P1, id, id, A) for some complex constant
A; if Ak 6= 0 we could rewrite the k-th equation of (3) in the form:
1
Bk
∫ uk(z)
uk(0)
φ(η) dη = z, (4)
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where φ2k = fk and B
2
k = Ak, the choice of φk and Bk being made in such a way
that
•
u k(0)φk(0) = Bk. By hypothesis, the Riemann surface (Sk, πk, jk,Φk)
of the HFG
[∫ uk
0 φk dη
]
0
is such that P1 \ Φ1(S1) is a finite set; by lemma
4.3 1) the Riemann surface of the HFG
[∫ uk
uk(0) φk dη
]
uk(0)
is isomorphic to
(Sk, πk, jk,Φk); but, by (4), the germs u
k
z=0 and
[∫ uk
uk(0) φk dη
]
uk(0)
are each
one inverse of the other; hence, by lemma 2.5 the Riemann surface of ukz=0
is complete; this eventually implies that the Riemann surface of the element
z 7−→ (u1(z)...uN (z)) is complete too: this fact ends the proof of a) in the case
that u1 is a constant function. Otherwise, by lemma 4.1, the equations of U
are  (
•
u 1(z))2(b1(u
1(z))) = A1 −∑Nl=2 Alal(u1(z)) ♠
(
•
u k(z))2fk(u
k(z)) [ak(u
1(z))]
2
= Ak k = 2...N ♣.
(5)
for suitable complex constants A1...AN . Consider now the germ z 7→ u1(z) in
z = 0: rewrite the first equation of (5) in the form:
∫ u1(z)
u1(0)
dη
ℵ(η)u1(0)
= z, (6)
where (ℵ(η)u1(0))
2 = (A1 −∑Nl=2Al/al(η))/b1(η) in a neighbourhood of z = 0,
the choice of the square root ℵk being made in such a way that ℵu1(0)(u
1(0)) =
1/
•
u 1(0). Denote now by ℵu=0 the HFG such that (ℵ0)
2 =
[
1
b1
(A1 −∑Nl=2 Alal )]0,
the choice of the ’square root’ ℵ0 being arbitrary. By hypothesis, the Rie-
mann surface (S1, π1, j1,Φ1) of the HFG
[∫ u1
0 1/ℵ0
]
0
is such that P1 \ Φ1(S1)
is a finite set. By lemma 4.3 the Riemann surfaces of
[∫ u1
0 1/ℵ0
]
0
and of[∫ u1
u1
0
1/ℵ0
]
u1
0
are both isomorphic to (S1, π1, j1,Φ1); but, by (4), the germs
u1z=0 and [
∫ u1
0 1/ℵ0]u1(0) are each one inverse of the other; hence, by lemma 2.5
the Riemann surface of u1z=0 is complete. Let now 2 ≤ k ≤ N : if Ak = 0 the
Riemann surface of z 7→ uk(z) is isomorphic to (P1, id, id, A) for some complex
constant A; if Ak 6= 0 we could rewrite the k-th equation of (5) in the form:∫ uk(z)
uk(0)
φ(η) dη =
∫ z
0
Bk dz
ak(u1(z))
, (7)
where φ2k = fk and B
2
k = Ak, the choice of φk and Bk being made in
such a way that
•
u k(0)φ(uk(0)) ak(u
1(z)) = Bk. Denote now by [ϕk]uk=0 the
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HFG defined by setting [ϕk]
2
uk=0 = [fk]uk=0, the choice of the ”square root”
[ϕk]uk=0 being arbitrary. By hypothesis, the Riemann surface (Sk, πk, jk,Φk)
of the HFG
[∫ uk
0 ϕk
]
0
is such that P1 \ Φ1(S1) is a finite set; moreover, by
lemma 4.3 the Riemann surfaces of the HFG
[∫ uk
uk(0) φk dη
]
uk(0)
is isomorphic
to (Sk, πk, jk,Φk); but, by (7) the germs
[
z −→ uk
]
z=0
,
[∫ uk
uk(0) φk dη
]
uk(0)
and[
z −→ ∫ z0 Bkak(u1(ζ)) dζ]z=0 satisfy, in the above order, the hypotheses of lemma
2.5 2); moreover, the Riemann surface with L-singularities of
[∫ uk
uk(0) φk dη
]
uk(0)
is complete, since the one of [φk]uk(0) is complete without L-singularities.
Therefore the Riemann surface with L-singularities of ukz=0 is complete, hence
so is the one of z 7−→ (u1(z)...uN(z)),: this fact ends the proof of a). Vice
versa, suppose that U is not coercive: then either there exists a complex n-tuple
(A1...AN ) ∈ CN such that b1(x10) 6= 0, A1 −
∑N
l=2
Al
al(x
1
0
)
6= 0 and for each one
of the two HFG’s ℵ1 and ℵ2 such that (ℵi)
2 =
[
1
b1
(A1 −∑Nl=2 Alal )]0 i = 1, 2,
the Riemann surface (S1, π1, j1,Φ1) of both the HFG’s
[∫ u1
x0
d η
ℵi(η)
]
x1
0
i = 1, 2;
is such that P1 \ Φ1(S1) is an infinite set; or there exists k, 2 ≤ k ≤ N
such that, for each one of the two HFG’s [φk1]0 and [φk2]0 such that [φki]0 =
[fk]0 , i = (1, 2), the Riemann surface (Sk, πk, jk,Φk) of both the HFG’s[∫ uk
0 φki(η) dη
]
0
i = 1, 2 is such that P1 \ Φ1(S1) is an infinite set. In the first
case the geodesic element z 7−→ U(z) = (u1(z)...uN (z)) starting from 0 with
velocity (L1...LN ), such that L
2
1 =
1
b1(0)
(A1 −∑Nl=2 Alal(0)), L2k = Akfk(0)ak(0) , k =
2...N , satisfies the equation
∫ u1(z)
0
dη
ℵi(η)
= z, where i = 1 or i = 2; by lemma
2.5, this fact implies that the Riemann surface of [z 7−→ u1(z)]0 is incom-
plete, hence the same holds about z 7−→ U(z). Consider now the second
case: first construct a geodesic element z 7−→ U(z) = (0...uk(z)...0) with
all constant components except uk, k ≥ 2. Now recall lemma 4.1 to con-
clude that z 7−→ uk(z) satisfies, in a neighbourhood of z = 0 the equation
1
Ck
∫ uk(z)
0 φki(η) dη =, for a suitable complex constant Ak; therefore its Riemann
surface is incomplete by lemma 2.5; this fact ends the proof.
Definition 4.5 Let U and V be direct manifolds they are directly biholomor-
phic provided that they are biholomorphic under a direct product of biholo-
morphic functions between each Ui and each Vi.
16
Remark 4.6 Definition 4.2 is invariant by direct biholomorphism (see defini-
tion 4.5 ) : in other words, if U and V are directly biholomorphic, then U is
coercive if and only V is too: this is a simple consequence of ’changing variable’
in integrals in definition 4.2.
Therefore, we could yield the following
Definition 4.7 An equivalence class [U ] of direct manifolds, consisting of mu-
tually directly (see definition 4.5 ) biholomorphic elements is coercive provided
that any one of its representatives is coercive.
Our goal is now to extend definitions 4.2 and 4.7 to warped products containg
some P1’s among their factors. Keeping into account remark 4.6, consider
a warped product (
∏N
i=1 Ui,Λ) of Riemann spheres, complex planes or one-
dimensional unit balls, which we shall call direct manifold too; let L ⊂ {1...N}
be the set of indices such that Ul ≃ P1 for each l ∈ L.
Definition 4.8 Let Y = (y1...yN) ∈ U : then (Y, L) is a principal multipole
of U provided that b1(y1) = ∞ and fl(yl) = ∞ for each l ∈ L \ {1}; A direct
manifold (
∏N
i=1 Ui,Λ) of Riemann spheres, complex planes or one-dimensional
unit balls with metric is partially projective if some one of its factors is biholo-
morphic to the Riemann sphere P1; a partially direct manifold U is coercive in
opposition to the principal multipole (Y, L) if, setWi =
{Ui if i 6∈ L
Ui \ {yi} if i ∈ L,
then
∏N
i=1Wi is coercive in the sense of definition 4.7, that is to say, belongs
to a coercive equivalence class with respect to direct biholomorphicity.
4.1 Warped product of Riemann surfaces
Consider now the warped product of Riemann surfaces
S = S1 ×a2 S2 ×a3 S3 × ........×aN SN ,
where each Si is endowed with meromorphic metric λi: S’ metric Λ is defined
by setting Λ = λ1+
∑N
k=2 akλk, and each ak is a not everywhere vanishing mero-
morphic function on Si: as a simple consequence of Riemann’s uniformization
theorem, S admits universal covering Ψ : U −→ S, where U is a direct man-
ifold, endowed with the pull-back meromorphic metric Ψ∗Λ: this universal
covering is unique up to direct biholomorphisms.
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Definition 4.9 S is totally unelliptic provided that none of the Si is elliptic;
L-elliptic provided that there exists a nonempty set of indices L such that Sl
is elliptic if and only if l ∈ L.
If S is a L-elliptic warped product with universal covering Ψ : U −→ S, then
(Z, L) is a principal multipole for S provided that Z ∈ S and each Y ∈ Ψ−1(Z)
is a principal multipole for U .
A totally unelliptic warped product of Riemann surfaces is coercive provided
that its universal covering is coercive in the sense of definition 4.7; a L-elliptic
warped product of Riemann surfaces is coercive in opposition to the principal
multipole (Z, L) provided that its universal covering U is coercive in opposition
to each principal multipole (Y, L) as Y runs over Ψ−1(Z).
Theorem 4.10 A totally unelliptic warped product of Riemann surfaces S is
geodesically complete if and only if it is coercive.
Proof: let Ψ : U −→ S be the universal covering of S: by definition 4.9
U is coercive, hence geodesically complete by theorem 4.4. Let now γ be a
germ of geodesic in S, starting at a metrically ordinary point: since Ψ is a
local isometry, there exists a germ β of geodesic in U , starting at a metrically
ordinary point, such that γ = Ψ ◦ β. By definition of completeness, the
Riemann surface with L-singularities (Σ, π, j, B,U) of β is such that P1 \ π(Σ)
is a finite set; moreover, (Σ, π, j,Ψ ◦ B,S) is an analytical continuation, with
L-singularities, of γ. This proves that, if (Σ˜, π˜, j˜, G,S) is the Riemann surface
with L-singularities of γ, then P1\π˜(Σ˜) is a finite set too, hence S is geodesically
complete. On the other side, if S admits an incomplete germ of geodesic γ,
starting at a metrically ordinary point, then there exists an incomplete germ of
geodesic β in U , starting at a metrically ordinary point, such that γ = Ψ ◦ β;
this means by theorem 4.4, that U is not coercive; eventually, by definition
4.9, S is not coercive: this fact ends the proof.
Theorem 4.11 A L-elliptic warped product of Riemann surfaces S is geodesi-
cally complete if and only if it is coercive in opposition to some principal mul-
tipole.
Proof: suppose that S is coercive in opposition to some principal multipole
(Z, L): then, by theorem 4.10, S is coercive in opposition to (Z, L) if and
only if S \ Z is geodesically complete; since Z is not metrically ordinary,
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S is geodesically complete. On the other hand, suppose that S admits an
incomplete geodesic (Σ, π, j, γ,S): let (Z, L) be a principal multipole of S
wich is known to exist; set R = γ−1(S \ Z) ⊂ Σ. Now (R, π|R, j, γ|R,S \ Z) is
an incomplete geodesic of S \Z: this fact implies that S \Z is not geodesically
complete, hence it is not coercive, that is to say, S is not coercive in opposition
to (Z, L). The arbitrariness of Z allows us to conclude the proof.
4.2 Examples
We show a wide class of coercive direct manifolds. To do this, we need some
technicalities from integral calculus, hence we state:
Proposition 4.12 Set ∆ = b2 − 4ac, the germ
[
1√
aη2+bη+c
]
0
admits one of
the following primitives, depending on a, b, c:[
1√
a
log(η + b
2a
+
√
η2 + b
a
η + c
a
) + cost
]
0
the same branch of
√
, any branch of
the logarithm, if a 6= 0 and ∆ 6= 0;[
2
b
√
bη + c+ cost
]
0
the same branch of √ , if a = 0 and b 6= 0;
[η/
√
c + cost]0 the same branch of
√
, if a = b = 0.
Let now Si, i = 1..N be Riemann surfaces, which we suppose for simplicity
parabolic or hyperbolic, pi:Ui −→ Si their universal covering, where each
Ui ≃ C or D; finally, let φi be meromorphic functions such that φ1 ◦ p1 and
(φi ◦ pi)′, i = 1..N take all complex values but at most a finite number (the
hypothesis on phii ◦ pi could be weakened; even dropped, if Si is parabolic:
see [HAY], introduction). Moreover, let (ai, bi, ci) ∈ C3 \ 0 i = 1..N , set
S =
∏N
i=1 Si, U =
∏N
i=1 = Ui, p = (p1....pN ) and consider the meromorphic
metric
Λ = dφ1 ⊙ dφ1 +
N∑
i=1
dφi ⊙ dφi
aiφ21 + biφ1 + ci
.
Theorem 4.13 (U ,Λ) is coercive (hence geodesically complete).
Proof: by pulling back Λ with respect to the universal covering p we get
p∗Λ(z1...zN ) = [(φ1 ◦ p1)′]2 dz1 ⊙ dz1 +
N∑
i=1
[(φi ◦ pi)′]2 dzi ⊙ dzi
ai(φ1 ◦ p1)2 + biφ1 ◦ p1 + ci .
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We claim that (U , p∗Λ) is coercive: indeed, for every n-tuple (A1...AN) ∈ CN
such that (φ1 ◦ p1)′(0) 6= 0 and A1 −∑Nl=2Alai(φ1 ◦ p1)2 + biφ1 ◦ p1 + ci 6= 0,,
set φ ◦ p1 = ψ, there holds
∫ u1
0
(
A1 −
N∑
l=2
Al(ai(ψ)
2 + biψ + ci)(η)
)−1/2
(ψ)′(η)d η = Φ(ψ) ,
where Φ is one (depending on the constants A1...AN ) of the holomorphic func-
tion germs on the right hand member of proposition 4.12.
This fact shows that the maximal analytical continuation of u1 −→
Φ (φ1 ◦ p1(u1)) takes all P1’s values but a finite number, because so does the
meromorphic function φ1 and hence φ1 ◦ p1; moreover, for each i, 2 ≤ i ≤ N ,
each one of the two HFG’s ± [(φi ◦ pi)′] could be continuated to ± [(φi ◦ pi)′]
which, by assumption, takes all values but at most two ones.
References
[BEH] John K.Beem, Paul E.Ehrlich, ’Global Lorentzian geometry’ Marcel
Dekker,1981
[CAS] Antonio Cassa, ’Teoria delle curve algebriche piane e delle superfici di
Riemann compatte’ Pitagora,1983
[DNF] B.A.Dubrovin, S.P.Novikov, A.T.Fomenko Geometria delle superfici
dei gruppi di trasformazioni e dei campi Editori riuniti,1987
[GRO] Robert C. Gunning, Hugo Rossi ’Analytic functions of several complex
variables’ Prentice Hall, 1965
[HAY] W.K.Hayman, ’Meromorphic functions’ Oxford at the Clarendon
press,1964
[HIL] Einar Hille, ’Ordinary differential equations in the complex domain’,
John Wiley & sons, 1976
[LEB] Claude Lebrun, ’Spaces of complex null geodesics in complex-
Riemannian geometry’, Trans. of the AMS, vol 278 n.1, July 1983
[MAN] Yuri Manin, ’Gauge fields theory and complex geometry’ Springer Ver-
lag, 1984
20
[WEL] R.O.Wells, ’Differential analysis on complex manifolds’, Prentice-
Hall,1973
In this paper we investigate possible extensions of the idea of geodesic completeness in complex manifolds,
following two directions: metrics are somewhere allowed not to be of maximum rank, or to have ’poles’
somewhere else. Geodesics are eventually defined on Riemann surfaces over regions in the Riemann sphere.
Completeness theorems are given in the framework of warped products of Riemann surfaces.
21
